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Abstract 


We consider a scattering map that arises in the d approach to the scattering 
theory for the Davey-Stewartson II equation and show that the map is an 
invertible map between certain weighted L? Sobolev spaces. 
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1 Introduction 

This note considers a map 77 that arises in the scattering theory for a first-order 
system (11.11) in the plane. The map 77 takes a potential q to scattering data that 
appears as a coefficient in the asymptotic expansion of solntions to the first-order 
system. The map 77 also arises in the so-called d approach to scattering theory for 
the Davey-Stewartson II eqnation. The scattering transform we discnss below hrst 
arose in work of Fokas and Ablowitz [FA84] as a transformation to convert one of 
the Davey-Stewartson eqnations to a linear evolntion eqnation. This same transform 
also proved to be usefnl in the work of Brown and Uhlmann |BIJ97j and Barcelo, 
Barcelo and Rniz [BBROl] who investigated the inverse condnctivity problem with 
less regnlar coefficients in planar domains. 

The formal theory and the beginning of a rigorons treatment of the scattering 
transform may be fonnd in work of Fokas and Ablowitz [FA84j and Beals and Coifman 
|BC88j . One remarkable featnre of Beals and Coifman is that the map 77 satisfies a 
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Plancherel identity, 


f \q\‘^ dx = f \7l{q)\‘^ dk, 

Jc Jc 

at least for potentials q that are snfficiently regnlar. Since the map TZ is not linear, 
this identity does not imply the continnity of the map TZ or even that TZi^q) is dehned 
for all q in There are several anthors who have established continnity of the 
transform on other spaces. Snng |Snn94al ISnn94bl ISnn94cj develops estimates for the 
scattering transform in the Schwartz space. Brown [BroPlj establishes that the map 
TZ is continuons in a neighborhood of the origin in L^. Perry |Per] considers the map 
on a weighted Sobolev space and shows that 7Z is locally Lipschitz continnous 
on this space. The weighted Sobolev spaces are dehned as 


= {/ : (D)“/ e and {-f f e L^}. 


We nse (x) to denote (x) = (1 + \x\‘^Y^‘^ and then {D)^ is the Fonrier mnltiplier 
operator (D)^f = ((•)^/)''. Astala, Faraco, and Rogers [AFRlSj consider the map 
TZ on the space with a > 0 and show that TZ : FT"’" —)• is locally Lipschitz 

continnous. The main result of the current work is to show that TZ : —)■ 

when 0 < a, (3 < 1 and that the map TZ is locally Lipschitz continuous. We also give a 
result which shows that in the spaces the difference TZ{q) — q is better behaved 

than q. In particular, if q is in H°‘’^, then TZ{q) — q will lie in at least for 

a,l3 < 1/2. 

Our result in this paper is a two-dimensional analogue of the results of X. Zhou 
[Zho98] which give mapping properties of a scattering transform for the ZS-AKNS 
system on weighted Sobolev spaces on the real line. 

We begin our development by sketching the dehnition of the map TZ. We let g be a 
function on the complex plane and for much of the argument we will assume that q is 
in the Schwartz class iS(C). We will establish estimates on the map TZ with constants 
that depend only on the norm of g in a weighted Sobolev space. With these estimates 
it will be possible to extend the map TZ from the Schwartz space to Ff“’^ with a > 0 
and (3 > 0. Throughout the paper, we will use ek{x) = e^ik) = exp(Fa; — kx). We 
consider the system 


d^i{x, k) = -ek{x)q{x)fi2{x, k) 

< dqL2{.x,k) = ]^ek{x)q{x)ili{x,k) (1-1) 


lim (/ii(a:, F),/i 2 (a;, A;)) = (1,0). 

|a;|—>00 


Above, B = and d = denote the standard derivatives with 

respect to the complex variables x and x. When we need to differentiate with respect 
to k and A;, we will write d/dk and d/dk. 

We dehne our scattering transform TZ by 


K(q)(k) = - [ 

'X Jc 


ek{x)q(x)fii(x, k) dx. 
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Since the function /xi approaches one at inhnity, it is plausible that 7^ is a non-linear 
generalization of the Fourier transform. To make this more precise, we introduce a 
variant of the Fourier transform that we will use throughout the paper. For a function 
"0 in we dehne our Fourier transform by 



ek{x)'ilj{x) dx 




From the second expression it is clear how our Fourier transform is related to more 
common normalizations of the Fourier transform. With our dehnition, the Fourier 
transform is the linearization at 0 of the scattering transform. For convenience, we list 
several standard properties of the Fourier transform translated to our normalization. 
If we put 



the Fourier inversion formula reads 


u = u = u, 


at least for u in the Schwartz class. If we let f * g denote the convolution, we have 
that 


{f*g)(k) = 'irf{k)g{k) 


( 1 . 2 ) 


and 


TT 


( 1 . 3 ) 


We recall that the Cauchy transform, C, dehned by 



gives a right inverse to the operator 9. Using that {df){k) = kf{k), {df){k) = —kf{k) 
and the representation of d~^ and a similar representation of 9“^, we obtain that 
{l/zj= 1/k and {1/zy = —1/k. From these observations, we obtain 



( 1 . 4 ) 


( 1 . 5 ) 


These formulae will be used in section [3] below. 
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We are ready to outline the construction of the solutions of the system fll.ip . We 
let Tfc be the operator given by 

Tkf{x) = ^C{eki-)qf)ix) 

where q is the potential. Throughout this paper, we assume that q is in the Schwartz 
class in order to simplify the argument. As a last step, we will use the local Lipschitz 
continuity of TZ from to to extend the map to a weighted Sobolev space. 
It is clear that if q is in with a > 0 and /3 > 0, and p 2 are in and 

are solutions of the integral equations 

/ii = 1 + Tfc(/i2) (1.6) 

/i2=Tfc(pi) (1.7) 

then (pi,/i 2 ) are solutions of fll.ip . Furthermore, if we substitute fll.7p into fll.bp we 
obtain 

hi = 1 + (hi) (1-8) 

and if is a solution of fll.81) . then (pi,Tfc(/ii)) = (/ii,p 2 ) is a solution of fll.ip . 

Finally, we observe that the map TZ is invertible and the inverse map X can be 
given by 

(1.9) 

The invertibility of TZ on the Schwartz space is in the work of Sung |Sun94aP ISnn94bp 
ISun94c] and Perry |Per] gives invertibility on The estimates of this paper will 

allow us to extend the invertibility to the family of spaces 77“’^. The formula fll.9p 
can be found in the work of Astala, Faraco, and Rogers |AFR15j and Perry. 

Our main result is the following theorem which gives the properties of the scat¬ 
tering map. 

Theorem 1.10 The map TZ maps 77"’^ to 77^’" and is locally Lipschitz continuous, 
provided 0 < a,/7 < 1. 

More precisely, if we fix a and (3 in (0,1), then there exists an increasing function 
in Mq, C = C{Mo) = C{Mo,a, f) so that if \\q\\H<^,i3 < Mq and < Mq then 

\\n{q) -n{q')\\H,,. < C\\q - q'y.,,. 

In addition, if a, (3 are in the interval (0,1/2), then 

ll^(<?) - 51^2/3.2- < 0(Mo), if ||g||//c,,3 < Mq. 

Thanks to the identity U.Ii) . the same results hold for the inverse scattering map. 
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We begin the proof of Theorem 11.101 by iterating the integral eqnation fll.Sp for 
/xi to obtain hnite expansions for /xi, 

N-l 

Ai(a:,fc) = ^r?(l)W+rr(^‘i)W. iV = l,2,3,.... (1.11) 

1=0 

We snbstitnte this expression for /ii into the definition of 7^(g) to obtain 

N-l 

iv = 1,2,3,..., (1.12) 

1=0 

where 

rj{k) = - [ q{y)ek{y)f^\l){y) dy (1.13) 

TT Jc 

and the remainder term is given by 

= i [ q(y)e,(y)Tl^(iJ.^(;k))(y)dv. (1.14) 

TT Jc 

The notation T^^{f) is ambignous and we intend T^^{f) to mean the complex con- 
jngate of Ti^{f), {f) = WW)- 

The term tq = q is just the Fourier transform. We will use duality and estimates 
for certain Brascamp-Lieb forms to estimate the terms Vj for j > 1. For N sufficiently 
large (depending on a and fJ) we will be able to show that the remainder term is in 
This second step is where we require that a and [3 be positive, while the 
estimates for the terms hold for ct = 0 or /? = 0. The estimates in can be 
found in the work of one of the authors [Bro m- Work of Nie |NBllj and M. Christ’s 
appendix to Perry’s paper [Per] give different proofs of these estimates for the terms 
C- 

Our argument follows the argument of Perry when the potentials are in H^’^. 
The innovations in this paper are new estimates for multi-linear forms and a certain 
amount of persistence that is needed to estimate the remainder term. 

The outline of this paper is as follows. In section 2, we give more details on the 
construction of the special solutions (/ii,/i 2 )- In section 3, we prove the estimates for 
the multi-linear forms in fll.l3p and in section 4, we study the remainder term fll.ldp . 

Acknowledgment. We thank K. Astala, D. Faraco, and K. Rogers for showing us a 
preliminary version of their work |AFR15j . This was helpful in carrying the research 
reported below. In particular, their decay estimate fl2.5p below is a main step in our 
work. 


2 Constructing the scattering solutions 

In this section, we collect several estimates that will be needed in section H] and give 
a construction of the solutions (/ii,/i 2 ) to the equations fll.ip . 
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Much of our analysis will take place in L^-spaces and we begin by observing that 
for /3 > 0 and 1 > a > 0 , we have the inclusion 


m’P C LP, 


1 a I I B 

- 

2 2 - p 2 2 


( 2 , 1 ) 


The estimate for p > 2 follows from the Sobolev embedding theorem and the estimate 
for p < 2 follows from the inequality of Holder. We let Ji denote the fractional integral 
given by 




TT 


fjy) 

\x-y\ 


dy. 


For estimates involving the size ofC(/), the elementary inequality |C(/)(x)| < /i(|/|)(a;) 
means that it is sufficient to give estimates for /i(/). For p 7 ^ 2, it is well-known (see 
Vekua |Vek62j ) that 

I|/i(/)IIl» < C,||/||li"||/||^). ( 2 , 2 ) 

Above, p' is the usual conjugate exponent. We recall the well-known Hardy-Littlewood- 
Sobolev estimate for fractional integration which may be found in [Ste7nj . for example. 

If 1 < p < 2, we have 

ii/.(/)iIl. < c,ii/n., f = (2,3) 

p p / 

We will find it useful to work in the weighted L^-spaces, = {f : (•)“/ G L^}. 
Occasionally, we will also use the scale-invariant or homogeneous version of these 
spaces = {/ : I • |"/ G L^}. For 1 < p < p < 00 and a, (3 satisfying —| < (3 < 
a < 4, and 4 = 2 — have 

p' ’ p p 2 ’ 


\h(f)\\^,<C(p,p,a,mf\\Ll- 


(2.4) 


The estimate fl2.4p follows easily from the work of Sawyer and Wheeden [SW921 
Theorem 1]. The corresponding estimate in the homogeneous spaces is due to 
Stein and Weiss |SW58] . Finally, we recall a result of Astala, Faraco and Rogers who 
show that for a > 0 and 2 < p < cx), we have 


\\T^{f)\\LP<c{ky 


|2 

\h°‘-0 


LP- 


(2.5) 


Occasionally in the sequel, we will want to display the dependence of Tk and pj on 
the potential q. We will do this by writing Pj{q; •, •) and g. 


Proposition 2.6 Let e > 0 and suppose that q G H"’". Fix po with 1/po G (0,e/2). 
We may construct solutions {pi, P 2 ) of liLl\) with (pi — l,p 2 ) in L^(Lf“(C^)). Fur¬ 
thermore, there exists a constant C = C{Mq) so that if llgllir^.^ < Mq and < 

Mq, then 

sup ||pi(g; •, k) - pi(g'; •, kPl^Po < C{Mo)\\q - q'\\m,^- 

k 
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Proof. We may assume that e G (0,1). From Holder’s inequality and the Hardy- 
Littlewood-Sobolev inequality fl2.3p it follows that if q is in and p is in (2, cxd), the 
map / Tkf is bounded on and we have the continuity result 

\\T,M)-TkAf)\\Lf><C\\q-q'h4f\\LP- 

Furthermore, by approximating q in by functions that are bounded and compactly 
supported, we can see that the map Tk is compact on L^. If we also have that 
(■)®g G then 

\\Tk,q-Tk',q\\c{,LP)<C\k-k'\%\q\\HO,e, pG(2,cx)). (2.7) 

To establish fl2.7p . observe that 

\e,{y)-eAy)\<Ak-kr\yf 

and thus 

\Ti,{f ){x) - TM){x)\ < - [ - et,{v)\dy 

ttJc \x-y\ 

<C\k-kAh{\-\A\\mA 

Thus by the inequality of Hardy-Littlewood-Sobolev (12.31) and Holder’s inequality, we 
have 

\\n(f) - n,(/)iu, < c\k - iTlI/llLf Ikllffo... 

In the argument below, we will apply this estimate with 6 = e/2. 

We observe that a solution of (11.111 should also solve the integral equations (II.Sp . 
According to a standard argument using the Liouville theorem for pseudo-analytic 
functions (see |BU971 Section 3] or |Sun94aj ). the operator (/ —T|) is injective on 
for 2 < p < cxo. Since is compact, the Fredholm theory tells us that (/ — T|)“^ 
exists as an operator in £(L^). The continuity of the map (fc, g) —t implies that 

c(LP) is a continuous function for (fc, g) in C x According to 

the decay estimate of |AFR15j (restated as (12.5p ). given Mq, we may find Rq so that 
ll^fcll/:(Lp) < 1/2 if \k\ > Rq and ||g||_ffE,e < Mq. The embedding C is 

compact and thus the continuous function ||(J — T^)~^\\ciLp) will be bounded on the 
compact set, {{k,q) : \k\ < Rq, IlgllH'!.^ < Mq} C C x 

If we use the embedding of 77^’'^, (12.ip . and (12. 3 p we can see that Tfc(l) lies in 
Lf{Ll°). Thus we may set 

pi(-, 7) = 1 + (7 - Tl)-\n{l)), k) = nA) 

and then (pi,/i 2 ) is a solntion of (II.ip . 





















Next we observe that thanks to the continuity of the map {k,q) —)■ Tk^q{l) from 
into it follows that the map q ^ •, A;) — 1 is continuous from into 

In fact, we can write 


= (/ - TlJ-\Tl, - Tl^){l) + ((/ - Tl,)-^ -(I- ,.(!)), 

and conclude that 

•, /c) •, k)\\Li,q < C{Ro)\\q-q'\\H^,e, if \\q\\H^,. < Mq and \\q'\\H-.^ < Mq. 


Now that we have /ii with /xi — 1 G our next step is to show that we have 

/ii — 1 in an interval of spaces. However, before we do this, we give a simple lemma 
that will be used to obtain the local Lipschitz continuity of multi-linear expressions. 

Lemma 2.8 Let A : Xq x Xi x • • ■ x X^v Y be a bounded multi-linear operator 
with Xj and Y normed vector spaces. More precisely, assume that for some constant 
Cq, we have 

N 

• • •, (1n)\ < C'o Ikillxj- 
i=i 

Then we obtain the following local Lipschitz continuity result. If HgjUx' < Mq and 
IWjWxj < Mq, j = l,...,N, then 

N 

||A(gi, ... ,qN) - A{q [,... ,(?^v)llx < CqMq~^ ^ \\qj - q'j\\xy 


Proof. We write 


N 

A(gi,..., g^v) - A(g',..., g^) = ^ A(gi,..., g^.i, g^ - g', g'+^,..., g^) 

i=i 


and use the boundedness of A. l 

Proposition 2.9 Let e lie in the interval (0,1). If q,q' G with UgllH'-' < Mq 
and llg'llir^.e < Mq, then {fj,i — 1) G when 1/p in [0, e) fl [0,1/2) and 

||/ii(g; •, k) - /ii(g'; •, k)\\LP < C'(Mo,p)||g - q’\\m,^- 


9 



Proof. Let fii = We have /ii — 1 G with po as in Proposition 12.61 

and then (11.81) implies that /xi — 1 = — 1) + Pfc(l)- Since C L^, for 

1/p G [1/2 — e/2,1/2 + e/2), it follows from the inequalities of Holder and Hardy- 
Littlewood-Sobolev (12 .3^ that T|(/ii — 1) G for 1/p G (0, e + 1/po) H (0,1/2), 
r^(l) G for 1/p G (0, e) and we have the estimates 

l|r|(pi - l)|k. < C'||g||l,.,.||/i, - 1IL.0, ||T|(1)|U. < C||g||^.,. (2.10) 

Thus Pi — 1 G for 1/p G (0,e). Similar considerations and the estimate (12.2p give 
that Pi is bounded. 

Once we recognize that T^{f) is a multi-linear expression in q and /, the estimate 
for the differences follows from (12.1 Oh . Proposition 12.61 and Lemma [2.81 l 


3 Brascamp-Lieb Forms 


We consider a family of Brascamp-Lieb forms. A criterion for the hniteness of these 
forms on families of L^-spaces was given by Barthe [Bar98( Proposition 3] and simpler 
proofs of his criterion were given by Carlen, Lieb, and Loss |CLLn4( Theorem 4.2] 
and Bennett, Carbery, Christ, and Tao |BCCTin| Remark 2.1]. We note that Barthe 
and Carlen, Lieb, and Loss also give information about the best constant in these 
inequalities. We are not able to make use of this information in our work. A simple 
approach to the hniteness of these forms can be found in the dissertation of Z. Nie, 
see [NBll] (and may be well-known). 

To describe the forms we will consider, £x N and let E C be a hnite 

collection of non-zero vectors. The set E carries the structure of a matroid (see 
[Lee04] for the dehnition). Using U, we will dehne a closed convex subset of 
which is called the matroid polytope for E. We denote elements of [0,1]^ as functions 
6 ^ : U —)■ [0,1]. If A C U is a set, then we let xa be the indicator function of the set 
A. Thus 


Xa{v) 


1, V e A 

0, V ^ A. 


The matroid polytope of E, V{E), is dehned to be the convex hull of the set {xb ■ 
B <Z E and R is a basis for R^+^j. Given a set of vectors R, we dehne a multi-linear 
form 


A{fy\v e E) = I Wf^{v-x)dx 


where x = {xo,Xi,... ,xn) is a point in and v ■ x = standard 

bilinear inner product. We initially assume that the functions are non-negative 
so that the integral defining A{fy\v G E) will exist, though it may be inhnite. The 
estimates of Theorem 13.11 will give us estimates for the form when the functions 
{fy : V G E} belong to certain Lorentz spaces. These estimates will allow us to 
extend the form to appropriate products of Lorentz spaces. 
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We will need to consider these forms when the functions are in Lorentz spaces 
^p,r(c)^ 1 < p, r < oo, and refer the reader to the monograph of Bergh and Lofstrom 
for the dehnition of these spaces |BL 76 [ p. 8]. Our main estimate for Brascamp-Lieb 
forms is the following theorem. 


Theorem 3.1 Suppose that the function {)-/Pv)v£E in the interior of the set 
V{Ei) and 1/ry > 1. Then there is a finite constant C such that 


A(fy\v G E) < C 

veE 


Proof. As noted above, this is essentially a result of Barthe. To connect our state¬ 
ment to the result of Barthe, we hrst observe that the hniteness of the form on 
is equivalent to the hniteness of the form on i.e. the form obtained when 

X G instead of This follows from the theorem of Fubini. 

Next we observe that Barthe gives a description of the family of L^-spaces for 
which the form is hnite in terms of a family of inequalities satished by the reciprocals, 
{l/py)y^E- It is known that the inequalities of Barthe describe the matroid polytope, 
see the excellent monograph of J. Lee |Lee04] . for example. Finally, a multi-linear 
version of the real method of interpolation allows us to pass from estimates in 
V{E) to Lorentz space estimates in the interior of P(i?). See work of Christ [Chr85] 
or Janson [,Tan86j for the multi-linear interpolation results. I 


We will need to consider two sets of vectors in this section. The hrst we will 
denote by Ei C for N > 2 and is given by 

N 

El = E^~^^ = {eo. Cl, , Cat, cq — ei, ..., eAr_i — e^, C = ^j}■ (3-2) 

j=0 

Note that the condition N >2 guarantees that Ei contains 2N + 2 distinct vectors. 
The second set of vectors will only be needed in odd dimensions. We dehne E 2 C 

R27V+1, for AT > 1 by 


E _ ci2V+l _ 

2k-l 2k-l 

{eo, ei,... eaw, k 

j=0 j=0 


2N 


l,...,Af,C = 5^(-l)'ej}. (3.3) 

j=0 


The following lemma shows that the constant function 6{v) = 1/2 lies in the 
interior of the matroid polytopes for Ei and E 2 . 

Lemma 3.4 For j = 1 or 2, let A^+i = {0 : J2veEj l^(^) “ 1/2| < 1, = 

Then Ae+i C V{Ei) for N = 2,3,... and A 2 N +1 'P{E 2 ) for N = 1,2,.... 
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See Appendix for the proof. 

Our main goal for this section is to establish estimates for the following two forms, 


Ai{qo,...,qN,t) 


ic^+i 


qo{xo) ■ ■ ■gjv(a;jv)t(C • x) 
|xo - Xil . . . \xn-1 - Xn\ 


and 


^2{Qo, • • • , Q2N, t) — 


qo{xo). . . q2N{x2N)t{C ■ x) 


/c2jv+i \xq — xi \.. .\xq — xi ■ ■ ■ — X2Ar-i| |a:2Ar — a;2iv-i| • • • |a;2Ar — a;2Ar-i ■ ■ ■ — xi\ 


■ dx. 


The next lemma gives several estimates for these forms that are the main step in 
obtaining estimates for the terms Vj in the expansion (II .12^ of the scattering map. 


Lemma 3.5 Suppose 0 < a < 1. The following estimates for the forms Ai and A 2 
hold: 

2N 

^l(?0) ■ ■ ■ ; lkj||_H-0,c«/(Ar+i), A^ > 1 (3.6) 

j=0 

N 

■ ■ ■ ,(lN,t) < C\\t\\L2Y\_\\qj\\L^, N>2 (3.7) 

j=0 

2N 

^2{qo, ■ ■ ■ ,g2N,t) < C\\t\\HO-aY\_\\^j\\HO’^/(^+^h N > 1. (3.8) 

j=0 

Proof. We begin by proving the estimate fl3.6p for the form Ai. We start with the 
elementary observation that for 0 < a < 1, we have 

1 < —^^-• 

\Xq-Xi^ -h X2Nr 


To establish a relation between Ai and A(/.„|n G T^i), we dehne for = 0,..., A^ 
and V E El hy 


feo = I • ri^oi 

4 = 19.1, (J,fc)^(0,0) 

= 1/1 • r-“, fc = l,...,Ar 

/e,_l-e. = 1/1 ■ I, 

fc=t/\ • r, k = 0 ,...,N. 
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With these definitions we have 

N 

|Ai(go 5 • • • 5 (l2N, ^)| < ^ ^ -^i)- (3-9) 

k=0 

Apply Theorem 13.11 to the first term in the snm on the right-hand side of fl3.9p and 
observe that Lemma [3.41 tells us that the constant function 6^ = 1/2 is in the interior 
of V{El). Now we are able to conclude that 

2N 

A(/”|t> e £.) < C||«||i. Jkollij n 

i=i 

Here we have used that | • |“^ is in the Lorentz space For the terms A(/^|n G Ei), 

k > 1, we let 1/peo = (1 + Q^)/2, ^/Pe 2 k-i-e 2 k = (1 “ '^)/2 and use Theorem 13.11 to 
obtain that 

( 2N 

nii^i 

i=i 

The generalization of Holder’s inequality to Lorentz spaces (which may be proven by 
multilinear interpolation) implies that 

ll'?o||L2/(l + a),2 < C'llgollpZ II I • I °‘\\]^2/a,oo. (S-H) 

Since ||| • < Ca, from fl3.10p and fl3.1ip . we may conclude that 

2N 

A(/„‘|t. e Bi) < C||i||i. ||<;ollijnil®n“- 

i=i 

A similar argument replacing 0 by another even index 2k implies that we have the 
estimates 

Ai(go,---,g2v,t) < C'l|f|lL2_^lk2fc|li2 Yl A; = l,...,iV. 

j^2k 

Combining the cases a = 0 and a > 0 and multi-linear interpolation by the complex 
method gives the estimate fl3.6l) . The estimate fl3.7l) follows directly from Theorem 
13. II and Lemma [131 

Finally, the estimate fl3.8p can be obtained by beginning with the elementary 
estimate 

^ ^ ~ 2;i -f • • • — X2k-l\°' + |a;2A:|“ + |a;2fc+l — X2k+2 ■ ■ ■ — X2 n\°‘ 

~ Ixo-XiH -hxajvh 

and arguing as in the case of fl3.6p . l 


I 0—1 I 


\L2/(l-a),oo 


I IIl2,oo • 


(3.10) 
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We now turn to the estimates for the multi-linear expressions rj dehned in fll.lSp . 
Using the estimates (13.61) and fl3.8p we prove the following result. 


Proposition 3.12 //a G [0,1) and Vj is as defined in then 

||rj||//Q ,0 < C*j||<?||j:^o,a /0 + l)) 

Proof. Using the dehnition of rj, fll.l3p and the theorem of Fubini, we have 

2 f q{yo)q{yi) ■ ■ ■ q{y 2 j)i{yo -yi + y 2 -+ y 2 j) 


rj{k)t{k) dk = 


'c (27r)“'' ' ^ Jc^j+i 


pj+i 


{yo - yi){yi - 2 / 2 ) • • • {y2j-i - y2j) 


(3.13) 

(3.14) 


dy. 


The use of Fubini can be justihed since we assume that q and t are in the Schwartz 
class. From the above displayed equation, it is easy to see that 


l^r,{k)t{k)dk\<j:^^ 


Ai(k|,...,k|,|t1) 


where the form Ai acts on 2j +1 copies of |g|. The estimate (13.61) and duality implies 
that for 0 < a < 1, 

|||A>|“rj||i2 < C{a,j)\\q\\HO,c/u+i)- 

Combining the cases a = 0 and a > 0 gives the estimate (13.131) . 

To obtain the decay of Vj in estimate (I3.14p . we again start with the dehnition of 
Vj in (11.131) and use (11.4p and (11.51) alternately to obtain 


l^t(k)r,(k)dk=j^^^ 


X 


q{kQ)q{ki) ...q{k-kQ + ki -h k2j-i)t{k) 


Ic2j+i {ko - ki).. .{ko - ki-\ - k2j-i){ko - k)... {ko - ki-\ -h /c2i-2 - k) 

dko ... dk2j-idk. 

We make the change of variables k = ko — ki + ■■■ + k 2 j, dk = dk 2 j and obtain 

2 


t{k)rj{k) dk = 


X 


(27r)2i+i 

q{ko)q{ki)... q{k 2 j)t{ko - ki-\ -h k 2 j) 


/c2j+i (fco — ^i) • • • (^0 — ki + ■ ■ ■ — k2j-i){k2j — k2j-i) ■ ■ ■ {k2j — k2j-i -|- ... ki) 


dn. 


On the right, dn = dk^ dki... dk 2 j. Now the estimate (13.81) quickly leads to the result 
dan. I 
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4 The remainder term 


The final section gives estimates for the remainder term. The moral of this section 
is that when q G with e > 0 , then the operator T^(/ii) becomes smoother and 
decays more rapidly as N increases. This allows us to estimate the remainder 
(defined in fl 1.141) for N large. The details are a bit tedious. We begin by listing several 
properties of the operator Tk that start to make the previous sentences precise. 


Proposition 4.1 Let q G with 0 < e < 1 and suppose that < Mq. If 

hi = the solution constructed in Proposition 12. dj. we have the following 

estimates for T^(hi). Assume that p and p are related by 1/p = 1/2 + 1/p. 

a) We have T^{ni) G z/l/p G [0, fl [0, |) and 

l|Tf(hi)llL.<qkll^.^llhillL-. (4.2) 

b) For 1/p G (0, 1/2) and j > 0, we have 

< C(fc>-''|k||g.,.||T"(Mi)||tf. (4.3) 

c) Provided j > 0 satisfies je < 2/p', we have the estimate 

<c||«||i...||rf(A.)|lLf. (4.4) 


If in addition, q' G with < Mq, we have the following estimates for 

differences. Given 1/p G [0,1/2), there exist N such that 
a’) 

•, k)) - T£;,(/ii(g'; •, fc))|U, < C{M,)\\q - 
b’) For 1/p in (0,1/2) and j > 0, we have 


c’) Given p in [2, cxd) and j and e with 0 < je < 2/p', we have 

\KHMpi-. ; k)) - ; fc))llrf < C(M„)\\q - 


Proof. Note that by Proposition 12.91 we have that pi lies in L°°(C^). The first 
estimate is a consequence of the Hardy-Littlewood-Sobolev inequality fl2.3p . the es¬ 
timate fl2.2p . Holder’s inequality, and the observation fl2.1|) that C L^, if 1/p G 
[1/2 — e/2,1/2 -I- e/2). Thus the maps f ^ qf ^ Tk{f) take ^ L' ^ where 
1/t G [1/p + 1/2 - e/2,1/p + 1/2 + e/2) n [0,1/2) and 1/pi G [0,1/p + e/2) n [0,1/2), 
and 

l|r.(/)|L.4 <C^||g|k.^||/||L.. 

Iterating this estimate gives a). 
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The estimate b) follows quickly from fl2.5p and can be found in the work of Astala, 
Faraco, and Rogers |AFR15] . 

The third estimate (I4.4p depends on the result (12.41) on fractional integration in 
weighted Lebesgue spaces. Using the estimate (12.41) and Holder’s inequality, the maps 
f ^ Qf ^ Tk{f) will map L^+e ^a+e where as usual 1/p = 1/p + 1/2 and 

the second step requires the condition that —2/p < a + e < 2/p' in order to use our 
result on fractional integration (12.4p . 

The estimates for the differences follow by recognizing that each term is a multi¬ 
linear expression in several copies of q and pi, the continuity of pi with respect to q 
given in Proposition 12.61 and the result of Lemma 12.81 l 

We begin by showing that if g G H"'" then given a we may choose N = N{a) so 
that lies in 

Lemma 4.5 Let q G H''’" with 0 < e < 1. Given a G R, there exist N such that 
lies in If q and q' lie in {q G H"'" : Iklk- < Mq}, then 

Wr^^^Wno.c <C{Mo,a) (4.6) 

<C{Mo,a)\\q-q'\\H^,.. (4.7) 

Proof. This is straightforward and follows an argument in Perry [Per]. Since q G 
according to (12.11) we have q E with p defined byl/p = l/2-|-e/4, say. We let p' 
be the conjugate exponent as usual. According to parts a) and b) of Proposition 14.11 
we may choose N so that 


Thus by Holder’s inequality, we have 

|rW(fc)| < - / \ek{x)q{x)Tl^{pi)\dx < -\\q\\Lp\\Tk^{pi)\\Lp' < C{k)-^-'^. 

This gives the first conclusion (14.6p . 

To estimate the differences, we observe that is a multi-linear operator in g, q 
and /ii and use Lemma [2^ and Proposition 12.61 to estimate pi{q] •) — Pi{q'] ■) in terms 
of q — q'■ With these observations the continuity (14.71) follows from Lemma [2.81 


We employ a similar strategy to estimate ||r||j 7 a,o. As part of this we will need a 
lemma to show that is smooth. The proof of this result is more involved. 

To estimate r^^\k), we begin by computing 

J^yqiy)ekiy)f^^ {pi)iy) dy + ^ J^q{y)ekiy)^f^^ ipi)iy) dy. 


16 
































Thus we need to study the expressions and {jjLi). 

Our hrst step is to derive an expression for the 9/9A;-derivative of the function 
This generalizes the d/dk equation for /ii. For this exercise, we assume 
that q is in the Schwartz space, which will allow us to concentrate on the formulae 
rather than convergence. 

Lemma 4.8 If q is in S{C), then 

Proof. Taking the derivative with respect to k gives 

If we recall the cl/clfc-equation for /r (see Perry [Per], for example), = |f/i 2 , we 
obtain the Lemma. l 

Lemma 4.9 If q ^ *5(0) and 1 < n < N, then 

~ 1 r 

.7 = 1 ^ 


Here r]{x) = x/x and T). = ^ and q = rjq. We use x*^ to denote j applications of 

the map x ^ x. Thus x*^ = x if j is even and x*^ = x if j is odd. 


Proof. We begin with the identity, 

X 1 


xTk{f){x) = 


qiy)ek{y)fiy) dy + 


X 1 
X 2n 


q{y)(^k{y)yf{y) 


x2ir ^ ' " x2n Jc x — y 

= -^ [ Qiy)ek{y)f{y)dy+-fk{i^)f){x). 


dy 


X 2tt 


X 


Iterating this result gives the Lemma. 
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We are ready to give an estimate on the smoothness of the function 
Lemma 4.10 Let q G with < Mq. Then there exist N = iV(e) such that 

ll^r^lU, < C(M„), 

Ifq,q' are both in {q : < Mq), then 

< C{Mq, e)\\q - q'\\. 

Proof. We differentiate r^^'^ and obtain 

= ~~ (liy)ek{y)yfk^{pi){y) dy+^ q{y)ek{y)-^f^^{yi){y) dy 

N N 

i=i i=i 

with 

dj = -- [ q{y)v{y)ek{y){fr\^){y)ydy 
TT Jc 

X / Q{y)ek{y)T^^~\pi){y) dy)*^ = AjBj 

J c 

11 = -- [ q{y)fi{y)ek{y){f^{{~)T^{ni))y{y)dy. 

TT Jc 

dddj = ^ (l{y)ek{y){Tk^~\y{y)T dy ■ q{y)ek{y)Tl^-‘^yiii){y) dy = CjDj. 

Finally, we define IV by 

/V'=^r(fc) f q(yMy)(n’^M(v)ydv. 

J c 

To obtain this representation we use Lemma 14.81 and then Lemma 14.91 to commute y 
through N applications of T^. 

We proceed to show that each of the terms Ij, //, Illj, and IV are in L^. To 
estimate the terms Ij = Aj ■ Bj, we first suppose that j > 3. Then estimate (13.61) or 
fl3.7p gives that Aj is in L^. Since 2N — j > N, we may choose N large so that part 
a) of Proposition 14.11 gives T^^~\qii) G IP' for 1/p' = 1/2 — e/4, say. Since we also 
have q E L'P, we conclude that Bj is in L°°. For the case j = 2, we use Lemma [4.121 
to conclude that A 2 is in for some p > 2 while by (12.5h . we may choose N = N{e) 
so that \B 2 {k)\ < {k)~‘^ and thus the product A 2 ■ B 2 is in L^. Finally, Ai = \{qfjj 
and hence lies in by Plancherel’s theorem. 
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For the term //, we begin by using fl2.5p and Proposition 12.91 to conclude that for 
N large and 1/p = e/4, say, that 

Then since {■)^q G L^, we have \\(-)qT^{lJ^i)\\Lp < C{\\q\\H^,^){k)~‘^ for 1/p = 1/2 +e/4. 
Now applying (and possibly choosing N larger) we have ||T/^((^)T/^(pi))|| 2 ,pi < 
cm\H. e)(fc) ^ for 1/pi = 1/2 + e/4. Then Holder’s inequality gives the estimate 
< {k)~‘^ and hence that II lies in L^. A similar strategy handles the term 
Illj = Cj ■ Dj for 2j < N. Here Cj is in by fl3.6p as long as 2j > 4. The estimate 
fl4.2p . estimate fl2.ll) . and Holder’s inequality imply that Dj is bounded. When 2j = 2, 
we use Lemma 14.121 and fl2.5p as in the estimate for I 2 . 

Next we consider IIIj when 2j > N. Here we argue as in Lemma 03] to conclude 
that Dj is in and since 2j > N, we may choose N large so that (14. 2 p and Holder’s 
inequality imply Cj is bounded. 

Finally, we show the term IV is in L^. We hrst recall that Astala, Faraco, and 
Rogers [AFR15] Theorem 3.4] show that the map q —)■ IZ{q) maps to and is 
locally Lipschitz continuous. With this result, we only need to show that the map 

[ q{y)ek{y){Tk^{f^ 2 ){y))*dy (4.ii) 

Jc 

takes into L°°. From the estimate fl2.ip . we have that q & U for some p > 2 
while part a) of Proposition 14.1! and (II.7p imply that for N large, we have {^ 2 ) 
in the dual space, IP'. It follows that g(p)efc(p)(T|^(p 2 )(p))* dp lies in L°°. 

To complete the proof, we need to show that each of these terms is a locally Lips¬ 
chitz continuous function of q. This follows from similar arguments using Proposition 
I4.1l a’-c’l and Lemma lT8l l 

Lemma 4.12 If q E with 4/3 < Sq <2, then r{k) = g(p)efc(p)Tfc(l)(p) dy lies 
in L®’' where 1/+ = 3/2 — 2/sq and we have the estimate 

< C\\q\\ls,. 

Proof. We will estimate r by duality and thus we choose t a nice function in L^'^. 
We write 

/ mr(k)dk=f^ f 'MMk^aydz. (4.13) 

Jc 27r"‘ Jc y — z 

We may use the Hausdorff-Young inequality and the interpolation result of Christ 
[Chr85] or Janson j,Tan86] to find that the right-hand side of (14.131) is finite when 
2/sq + l/sr = 3/2. Note that the condition on the second index in the Lorentz spaces 
will always hold true since 2/sq>2. l 


19 

































We are ready to give the proof of Theorem ll.lOi 

Proof of Theorem M.lCK We write r{k) = TZ{q){k) = where vj 

and are as in fll.lSp and fll.ldp . According to Proposition 13.121 we have rj is 
in if q is in By Lemma [4.51 and Lemma [4.101 given e > 0, we may hnd 

N = N{€) so that is in if q is in H^’^. 

To estimate r — q, we note that tq = q and then nse Lemma EH] to conclnde that 
Vj G when q G and j > 1. Finally, we nse Lemma [4.51 and Lemma [4.101 

to conclnde that the remainder lies in This gives the second estimate of 

the Theorem. l 


A Appendix: The matroid polytope 
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We give the proof of Lemma 13.41 in this section. We let E denote one of the 
matroids Ei or E 2 dehned in section [3l Onr strategy is to show that for any pair 
of vectors (n,w) from E, we may hnd two bases Bi and B 2 so that {n} = Bi O B 2 
and {w} = E \ {Bi U B 2 ). Since XSj ^ ^(-^) and P(E) is convex, it follows that 
= |(xbi + XB 2 ) lies in P(E). We have that 


{ 1, u = V 

0 , u = w 

1/2, else. 

It is not hard to show that A, the set in Lemma 13.41 is the convex hnll of for all 
pairs {v,w) from E. 

We hrst consider the matroid Ei with N >2. 


Lemma A.l Consider a pair {v,w) with elements from Ei. We may find two bases 
Bi and B 2 so that Bid B 2 = {n} and Ei \ (Bi U B 2 ) = {ta}- 


Proof. Onr proof is not particnlarly clever. We consider a nnmber of cases and list 
the bases in each case. In several of the cases, we will make nse of the map —)■ cat-a; 
which preserves the elements of Ei, at least np to a sign. This will allow ns to 
assnme that the vectors satisfy certain extra conditions. We let S = {cq, ei,..., cat}, 
D = {eo - ei,..., cn-i - cn}, and ( = co - ei-\ -h (-l)^eAr. 

Case 1: v = Ck and w = ei. In this case we may let Bi = {S \ {e^}) U {(/} and 
B2 = D U {ck}. 

Case 2: v = Ck and w = e£_i — e^. We choose e = cat if A: < £ — 1 or e = Cq if 
k > i. Then we let i?i = (S' U {C}) \ {e} and B2 = {D\ {ef_i — e^}) U {cfc, e}. 
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Case 3 : v = e^-i — and w = e^. Subcase A: k ^ £ — 1 or i. Then 

Bi = {C, e^-i - ei} U{S\ {cfc, e^.i}) and let B2 = D U 

Subcase B: If A; = £ — 1 or then choose e = with m ^ £ — 1 or £ and set 

Bi = {C, Ci-i - eej U (S\ {e, Ck}) and S2 = -D U {e}. 

Case 4 ^ V = Cfc-i — and w = e^-i — e^. In this case we may flip the order 

and assume k < £ if necessary. We let Bi = {C, efc_i — Cfc} U (S' \ {ek-i,ei}) and 
B2 = {D\ {e£_i — e^}) U ({efc_i, e^}). 

Case 5 : V = C and w = Ck- In this case, we may assume, after possibly flipping 
the order of the coordinates, that k < N — 1 , provided that N > 3 . In this case, we 

let Bi = {eo — ei,..., Cfc — e^+i, e^+i,..., cn-i, C} B2 = {eo, ..., e^-i, cat, e^+i — 

efc+2, ...,e7v_i — e]\fX}- The case k = 1 and N = 2 must be handled separately and 
in this case we can let Bi = {cq, 62, C} and B2 = {cq — ei, ei — 62, C}- 

Case 6 : v = ( and w = Ck — ek+i- Again, we may assume that fc < A^ — 1. We 
let Bi = {ci,..., Cfc+i, Cfc+i — eA;+2, • • •, e^-i — e^, C} and B2 = {cq, 6^+2,..., Cat, Cq — 
ei,..., efc_i — ekX}- Again, the case k = 1 and N = 2 must be handled separately 

and for this case, we can let Bi = {eo, 62, C} and B2 = (ei, eo — ei, C}. 

Case 7 : v = Ck-i — Ck and w = (. In this case we let i?i = (S'\{efc}) Ujefc-i — efc} 
and B2 = D U {ck}- 


We let E 2 denote the set of vectors dehned for A^ > 1 before Lemma 13.41 and 
establish a similar result. 

Lemma A. 2 Consider a pair of vectors (n, w) from E 2 . We may find a pair of bases 
Bj, j = 1, 2 so that BiD B 2 = {n} and {E 2 \ Bi) fl {E 2 \ B 2 ) = {w}- 

Proof. Again the proof is by cases. We let S = {eo, ei, e 2 ,... e 2 Ar}, D = {eo — 
ei,..., eo — ei + • • • — e 2 v-i, e 2 N — e 2 N-i, • • •, e 2 v — e 2 Af-i + • • • — ei}, and set ( = 
Co — ei + ■■■ -£ e2N- 

Case 1: v = Cj and w = e^. Let Bi = {S\ {ck}) U {C} and B 2 = D U {ej}. 

Case 2: v = Cj and w = (. Let Bi = S and B 2 = D U {cj}. 

Case 3: v = ( and w = Cj. Let Bi = {S \ {ej}) U {C} and B 2 = D U {<(■}. 

Case 4- V = Cj and w = d E D. If necessary, we may apply the transformation, 
e/c —>■ e 2 N-k so that the vector d has the form d = eo — ei + • • • — e^. Now we choose 
a vector e^ which depends on Cj with £ dehned as follows: 

P = / ^ ^ 

^ { eo, else. 

Then we let the bases be Bi = {S \ {e^}) U {C} and B 2 = {D\ {d}) U {cj, e^}. 

Case 5 : v = d E D and w = Cj. We may assume that d = eo — ei + • • • — e^, as 

above. We choose a vector ci to be e^ = e2N if j < A: and e^ = eo if j > k. Then we 
put Bi = {S\ {cj, Cl}) U {C, d} and B2 = D U {ei}. 


21 





Case 6: v = di E D and w = d 2 E D. If necessary, we may apply the 
transformation, ej -E e 2 N-j and assume that d 2 = Cq — ei + • • • — e^. We put 
Bi = {S\ {eo, e 2 Ar}) U {C, di} and B 2 = {D\ {^ 2 }) U {cq, e 2 Ar}- 

Case 1: v = d E D and w = (. By flipping the vectors, we may assume that 

d = cq — ■ ■ ■ — Ck- We put Bi = {S\ {ck}) U {d} and B 2 = D U {ck}. 

Case 8: v = ( and w = d E D. Again, we may assume that d = Cq — Ci + --e^. 

We let Bi = {S\ {cfc}) U {(} and B 2 = {D\ {d}) U {(} U {cfc}. 
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